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ABSTRACT 
 

Mathematical similarities and parallels between the nonlinear Schrödinger equation (NLSE) model and the Gross-
Pitaevskii equation (GPE) model (governing, correspondingly, optical and matter-wave BEC soliton dynamics) open 
the possibility to study both systems in parallel and because of the obvious complexity of experiments with matter-
wave solitons, offer remarkable opportunities in studies of microscopic quantum phenomena in BEC system by 
performing experiments in the nonlinear optical system and vice versa. Based on the understanding of the "hidden" 
role of the soliton self-interaction ("binding") energy in nonlinear soliton tunneling through forbidden external 
potentials, we show the existence of the solitonic analog of the de Broglie wavelength and the de Broglie video-
soliton. We study the main features of the nonlinear tunneling of the Schrödinger solitons and point out the way to 
controllable "shooting out" of high-energy de Broglie video-solitons from arbitrary N-soliton complexes. 
 

 

1. INTRODUCTION 
 

    Textbook treatment of the wave-particle duality recognizes that “the existence of corpuscles 
accompanied by waves has to be assumed in all cases” [1], but so far, the nature of the de Broglie matter 
wave associated with point-like elementary particle remains one of the most intriguing in physics. Suffice 
it to say here that two great founders of quantum mechanics, Louis de Broglie and Erwin Schrödinger, 
before the end of their days, were not satisfied by the adequacy of the physical world that 
they themselves created: Schrödinger “disliked the generally accepted dual description in terms of waves 
and particles, with a statistical interpretation for the waves, and tried to set up a theory in terms of 
waves only” [2] and de Broglie returned to a direct and real physical interpretation of matter waves and 
worked in the foundations of his “theory of the double solutions” and “non-linear wave mechanics” [1]. 
In this sense they were in solidarity with Einstein who, like them, believed that in an ultimate theory, the 
particles will be represented by, in the modern terms, soliton-like solutions for the highly nonlinear field 
equations [3]. It should be emphasized that Louis de Broglie in his Letter to Einstein dated 8 March 1954, 
specially underlined: “in my current research I have come to the idea that in order to explain the wave-
particle duality, one must develop a wave mechanics, which is based on non-linear equations” [3].  

Nonlinear wave excitations and solitons – self-localized robust and long-lived solitary waves that 
do not disperse and preserve their identity as they travel through a medium – are ubiquitous in Nature, 
they arise in many fundamental areas of physics and technology: from nonlinear optics and ultra fast 

photonics, condensed matter and plasma physics to biophysics, elementary particle physics, cosmology 

and monster (rogue) waves in oceans and Bose-Einstein condensates (BEC) [4–10]. Because of these 
defining features, the soliton is being considered as the ideal and natural data bit. Today, the optical 
soliton presents a beautiful example in which an abstract mathematical concept has produced a large 
impact on the real world of high technologies [5–7]. Owing to their remarkable properties solitons might 
appear also as the idealized structures for the description of extended “elementary” particles [8–10]. In 
particular, the concept of optical leptons and the soliton models of the hydrogen atoms have been 
proposed recently in [11–13]. 

Consequently, general questions arise: to what extent the soliton can be regarded as a classical 
point-like particle, which is governed by Newton’s equations of motion? As to whether the wave-particle 
duality and intrinsic (“hidden”) degrees of freedom can show up in the soliton 
scattering on potential barriers and wells? More generally, how the wave-particle duality demonstrates 
itself for solitons? 
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 May 2011 marked the 100th anniversary of the most important experiments conducted in the 
history of science – the Rutherford α(where the most important innovations are related with quantum 
tunneling of a composite particle, in which the particle itself has an internal structure), we provide a new 
framework for understanding of nonlinear tunneling mechanisms, and clarify the profound physical 
linkage between the Gamow scenario [14] of quantum-mechanical tunneling and soliton tunneling 
through classically forbidden and  localized potential barriers.-particle scattering and the discovery of the 
atomic nucleus. In our studies, inspirited by many remarkable (but, obviously, only formal) analogies 
with modern Rutherford experiments and nuclear sub-barrier reactions  
 
 

2. Solitonic analog of the de Broglie wavelength 
  
The canonical nonlinear Schrödinger equation 
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is similar to a quantum mechanical Schrödinger equation written in dimensionless form (without the self-
interaction potential |ψ(ξ,η)|²). This fact was used by Zakharov and Shabat when they proposed 
interpreting Equation (1) as the nonlinear Schrödinger equation. Equation (1) is written here in standard 
dimensionless form to emphasize all common analogies between different types of Schrödinger solitons 
in different fields of science irrespective to physical interpretation of the complex function ψ(ξ,η) and 
physical mechanisms of origin the nonlinearity. In BEC physics, Equation (1) is known as the Gross-
Pitaevskii equation. 
 
By using this mathematical analogy, let us calculate the mean energy as the expectation value of the 
Hamiltonian operator 
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The first term in brackets in Equation (2) determines the mean kinetic energy, the second term can be 
considered as the binding energy of the quasi-particles associated with the soliton. As is well known, 
Equation (1) possesses the so-called fundamental soliton solution 

 

       ],exp[sech, 00   kisol                       (3) 

where 0  is the soliton form-factor that determines the soliton amplitude distribution and is related 

with the soliton width as ξsol = 1/ 0 , and ω is the soliton frequency: ω = (k²- 0 ²)/2, and k is the soliton 

wave number. The soliton velocity is defined as v0 = ∂ω/∂k = k, y ξ = (ξ-ξ0 - v0η), where the initial center of 
mass position is given by ξ0.  
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The canonical NLSE without external potential 0)( extU  , is integrable owing the fact that it has an 

infinite number of conserved (so-called polynomial) integrals. The three lowest conserved quantities are 
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In the total soliton mean energy Equation (6), we specially separated two terms connected with linear 
and nonlinear features of the problem. It should be emphasized, that in contrast to the ordinary 
quantum mechanical condition for the probability density Equation (16) should be applied in Equation 
(18). Then, we obtain for the kinetic energy of the soliton and for its binding energy 
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Here, we have to remember that the classical and quantum mechanical mean values are interpreted 
differently, that is why the mean soliton kinetic energy is not equal to the classical one: 〈Tkin〉 ≠ v0

2/2.  

What’s more, if we set v0 = 0, we obtain 〈Tkin〉  = 0
2/6 > 0. The mean kinetic energy does not vanish for 

the soliton being at rest in absolute analogy with a quantum mechanical particle being in rest. Physically, 
this feature is connected with the Heisenberg uncertainty principle that is why Equation (20) can be 
considered as the generalization of this general principle on to the NLSE.    
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Figure 1. Wave-particle duality of solitons and the de Broglie video-soliton. Real parts of the soliton wave function 

Re[ψ(ξ,η)] for (a) 0 =0.5 and V=0; (b) 0 =0.5 and  V=2.0; and (c) 0 =1.0 and V=0.5. 

 
 

Similar to the nuclear binding energy, the soliton binding energy 3/
2

0bE  denotes the degree of 

how strongly the quasi-particles bind together. Just as the increasing of the soliton form-factor results in 
a growth of the soliton binding energy, so also the enhancement of nonlinearity results in the same 
effect. In optical applications, the soliton binding energy increases with peak power growing and with 
decreasing group velocity dispersion along the propagation distance. In BEC’s applications, the matter 
wave soliton binding energy increases both under the Feshbach resonance and with growing of atomic 
density.  

 
The de Broglie wave arises as a consequence of the Galilean symmetry: ψ′(ξ,η;V)=ψ(ξ-Vη)exp(iVξ-

iV²η/2). The Galilean symmetry provides the appearance of sinus-like modulation with the wavelength 
analogous to the de Broglie wavelength λdB=2π/V through the term iVξ in Eq. (2). The soliton is an 

extended object with its own size ξs =1/ 0  and, because of this, its envelope function cuts up the sinus 

oscillations with wavelength  λdB giving rise to both the solitonic wave packets if ξs > λdB (see Fig. 1(b)) and 
the de Broglie video-solitons without a high-frequency filling if ξs < λdB (see Fig.1(c)). Fig. 1(a) reveals one 
interesting quantum-mechanical analogy: at rest, soliton wave function oscillates with the frequency 

0 ²/2 which can be associated with the bound-state energy level Es= 0 ²/2 in its own trapping 

potential. 
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Initially, the term “solitonic de Broglie wavelength” may seem paradoxical. In his Nobel Lecture 

[1], de Broglie specially emphasized that the wave-particle duality is related directly with the Galilean (in 
nonrelativistic approximation) and the Lorentz (in relativistic theory) symmetries.  
 

We introduce the term “solitonic DeBroglie wavelength ”to stress this fact that in the linear limit, 
equation (1) represents the classical SE, for which the concept of “oscillating wave group as the 
representation of a particle in wave mechanics” was discovered by Schrödinger in 1926 [15], when the 
quantum mechanics was just few months old and the probabilistic interpretation of the wave function 
was not known yet. Notice, that Schrödinger many times underlined that theprinciple of the wave-
particle duality is deeply imbedded into his equation. That is why; the wave-particle duality for solitons is 
deeply imbedded into the NLSE model as well. 

 
 

3. Quantum mechanical and nonlinear soliton tunneling: the analogy with Gamow's scenario 
of alpha-particle decay 
 

Quantum mechanical tunneling has been one of the most fruitful concepts in modern physics. 
This discovery came at a time when the new quantum mechanics had been enjoying only its first steps in 
explaining the atomic structure. In the years since its discovery by Gamow, and Condon,  and Gurney 
[16], the concept of quantum tunneling has proven to be of great significance in many branches of 
physics, both from a fundamental point of view and from the point of view of applications, such as 
scanning tunneling microscope. While the study of linear microscopic quantum tunneling has a very long 
history going back to the first days of quantum mechanics, the field of nonlinear (soliton-like) 
macroscopic quantum tunneling is relatively young and, as a matter of fact, was born only after two 
discoveries - solitons and BEC. 
    The discovery of Bose-Einstein condensates (BEC) in trapped clouds of ultracold alkali atoms opened 
unique possibilities to test the wave nature of matter and investigate quantum phenomena at 
macroscopic level. It has become apparent that matter-wave solitons exemplify the macroscopic 
extended quantum objects involving N≃10³ atoms in which the interatomic interactions play a crucial 
role. It should be emphasized that, as follows from the examination of modern literature, the 
complementarities of these three fundamental discoveries - tunneling, solitons and BEC - will play the 
key role in the development of future technological applications of BEC.  
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Figure 2. Nonlinear tunneling of Schrodinger solitons through the classically forbidden barrier: splitting (marked as 

(a) E >0), sub-barrier transmission (marked as (b) E0≃0) and "classical-like" reflection (marked as (c) E0<0). 

 
Gaining a complete understanding of how the effect of the soliton tunneling (Figure 2(a-c)) arises, let us 
consider the dependence of the effective potential Uefff = U(ξ ) − |ψ(ξ, η)|2 on the self-interaction energy 
for solitons, placed, for example, on the edge and top of the barrier (see Figure 2(a)–(c)). The origin of a 
deep and narrow hole on the barrier profile can be understood by looking at the structure of the NLSE: 
the third term in Equation (1) represents the equivalent self-trapping potential Utr = −|ψ(ξ, η)|2, which 
becomes deeper and deeper with increasing soliton amplitude, so that the attractive potential well 
inside the repulsive barrier is being compressed and lowered into the negative energy region as shown in 
Figure 2(a)–(c). It should be stressed that for high-energy (large form factors κ) solitons placed on the top 
of the barrier, the total effective potential looks qualitatively like a one-dimensional ‘toy model of 
nucleus’ (see an analogy in [17], exercise 7.11). Actually, when the effective potential (see Figure 2(c), 
and marked as E0 < 0) is compared with the potential energy of the α particle as a function of its 
separation from the center of the nucleus (given, for the first time, by Gamow in his pioneering paper 
[14]), it is evident that the soliton behavior in a finite scattering potential U(ξ ) demonstrates a 
remarkable analogy with the α-particle tunneling effect. Under the action of sufficiently strong repulsive 
external potential (when the soliton self-interaction energy still remains to be small |_Eint_| < 2U0/3), the 
soliton own bound state energy level Es = −κ2/2 (see Figure 2(a)) can be uplifted into the positive energy 
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region E0 =U0−κ2/2 > 0 and transformed into the metastable energy level shown in Figure 2(a) with 
characteristic lifetime  
In the opposite case of greater soliton binding energies: |_Eint_| > 2U0/3, the effective energy level E0 
remains bounded, E0 < 0, and the soliton cannot escape from the effective trapping potential (see Figure 
2(c)). Hence, there exists a critical strength of the soliton binding energy, above which all solitons with 
‘classic’ kinetic energies V2/2 < U0 are reflected elastically and never transmitted: quantum mechanical 
like wave properties of solitons disappear completely and solitons become like ordinary Newtonian 
particles.  

Direct computer experiments confirm all our qualitative conclusions and demonstrate three 
basic types of soliton tunneling scenarios (see Figure 2). For small binding energies (small soliton 
amplitudes given by their form factors κ), the effective energy level E0 > 0 remains to be metastable (see 
Figure 2(a)), and all solitons are split onto transmitted and reflected ones with small peak powers |ψ(ξ, 
η)|2 (see Figure 2(a)). At very low nonlinearity R → 0, the initial wave packet shows ordinary dispersion 
spreading dynamics and behaves as a slowly modulated plane wave, which splits into a reflected and a 
transmitted part accordingly to linear Gamow’s scattering theory (see Figure 3(b)).  

 

               
 
  
Figure 3   
Comparison of the tunneling scenarios of (a) - soliton  
subjected to the self-induced transparency  
and (b) -  the same linear wave-packet                                                                                                                                                                                                                                                       

Figure 4 
Sub-barrier nonlinear transmission of high-energy 
soliton with T class  kin < U0 through classically forbidden 
potential barrier. (a) The spatial dynamics and (b) the 
corresponding spectral dynamics S(k, η)        

       
                                                                                                               

     

                                                                                            

At the larger soliton binding energies, on the other hand, the soliton is almost completely transmitted 
through a classically forbidden barrier as is shown in Figure 4. This soliton self-induced sub-barrier 
transparency is observed at the intermediate region of soliton binding energies dependent on the soliton 
form factors κ. The trajectory of the soliton in this sub-barier transmission regime is xtremely sensitive to 
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its initial speed and amplitude. In some computer experiments, the soliton spends a long time on the 
‘top of the barrier’, and only then transmits from one side of the classically forbidden barrier to the other 
side, so that its spectrum is represented by the typical ‘horse-shoe’ form shown in Figure 4b. 

For sufficiently large binding energies, the soliton appears to be completely reflected and never 
transmitted if its kinetic energy satisfies V2/2 < U0 (see Figure 2c).We have found extremely elastic 
soliton reflection behavior in all the cases of large form-factors κ beyond the critical value. Essentially no 
energy is lost during the soliton reflection from the barrier; the whole kinetic energy of the incoming 
soliton is converted into the reflected one and, because of this, the absolute value of its velocity is 
unchanged (see Figure 2c). In other words, the soliton associated with the bound-state energy level E0 < 
0 resembles a classical particle in the sense that the soliton maintains its integrity and follows a well-
defined Newtonian trajectory as shown in Figure 2(c). There exists the critical strength of the soliton 
binding energy above which all solitons with kinetic energies V2/2 < U0 are reflected elastically and never 
transmitted. The existence of the rest kinetic energy _Tkin_(V=0) = κ2/6 (see Equation (7)) ‘blurs’ this 
critical value of the soliton binding energy.  

 
 
 

   Figure 5                                                                                                         Figure 6           
  "Shooting out" of high-energy de Broglie video-solitons        Nonlinear tunneling of the sequence of three                                                  
                  solitons                 

 
 

There are two basic questions to be answered. What happens if arbitrary high-energy wave packet 
(soliton laser beam or pulse, or matter-wave soliton) approaches the classically forbidden barrier? In 
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particular, what happens in the case of the nonlinear tunneling of the sequence of two or more isolated 
in space solitons with different self-interaction energies and what happens in the opposite case of the 
nonlinear superposition of strongly overlapping in one space point N solitons represented, in particular, 
in Figures 5 and 6? Each soliton in a nonlinear superposition may be characterized by its own bound-
state energy level En n ²/2<0 and, consequently, under the action of the external repulsive potential 
Umax , n-soliton can be "uplifted" from its bound-state to the metastable energy level En = 3/2<Eint>+Umax 
>0. The greater is the soliton amplitude k the lower is associated with a soliton its own bound-state 
energy level En kn²/2<0. If only one soliton with the highest form-factor k₀ remains on the bound-state 
(negative) energy level E0<0, the only this soliton can be reflected from classically forbidden potential 
barrier as shown in Figures 5 and 6. 
    During the soliton tunneling through the classically forbidden barrier Tkin≤Umax, the soliton kinetic 
energy must be transformed into the potential energy. Under the condition λdB>2πξs, when the soliton is 
stopped on the barrier, the absolute value of the soliton self-interaction energy remains be higher than 
the maximum value of the scattering potential Umax = V²/2. In other words, the soliton, due to its own 
solitonic analog of the de Broglie wavelength, "knows its future" and, in particular, de Broglie video-
soliton with λdB>2πξs behaves as a classical point-like Newtonian particle (see details in Figures 5 and 6 
where the "hidden" role of the soliton self-interaction energy in the wave-particle duality of scattered 
solitons comes into particular prominence during comparison all the cases of higher soliton amplitudes). 
 
 

4. Conclusions 
 
  The key conceptual result of our studies consists in the demonstration of a deep analogy between the 
Schrödinger soliton tunneling through the classically forbidden potential barrier and the Gamow scenario 
of quantum mechanical tunneling effect and alpha-particle decay. Guided by this constructive (but 
obviously only formal) analogy, we reveal a hidden role of the soliton self-interaction ("binding") energy 
and its dramatic impact on the particle-wave duality of scattered solitons. We have shown that one 
further peculiarity of the wave-particle duality (that is yet hidden from us) can be exhibited for solitons: 
on the one hand, as the self-localized wave object, the soliton, by virtue of the Galilean symmetry, is 
characterized by its own solitonic analog of the de Broglie wavelength, and on the other hand, as the 
extended particle-like object, the soliton, because of the nonlinearity, becomes a bound state in its own 
self-induced trapping potential and, as a consequence, acquires a negative self-interaction ("binding") 
energy. Our main goal was to point the way to discover the solitonic analog of the de Broglie 
wavelength. We have predicted the possibility of controllable generation of high-energy de Broglie 
video-solitons through their emission ("shooting out") from arbitrary N-soliton superpositions.    
       It should be emphasized in conclusion that mathematical equivalence between the NLSe and the 
Gross-Pitaevskii equations opens the possibility to study optical and matter-wave solitons in parallel and 
due to the evident complexity of experiments with matter wave solitons, offers remarkable possibilities 
in studies of the BEC physics by performing experiments in photonics. 
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